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One century ago, in 1891 Julius Petersen [8] published-among other things- 
his renowned theorem which says that every finite cubic graph with no more than 
two leaves has a perfect matching. Starting from this result, matching theory-in 
particular, the theory of perfect matchings-has become a well-developed part of 
graph theory (see, e.g., [7]). 
In 1961, Kasteleyn [5-61 observed that the number m of perfect matchings 
contained in a plane graph G on n = 2k vertices can be expressed as the Pfaffian 
of a (0, 1, -1) skew symmetric matrix A which is an easily obtainable modifica- 
tion of the n x n adjacency matrix of G, i.e., m = m. 
In his Doctoral Dissertation (1988), Al-Khnaifes [l-2] developed a graph 
theoretical method which allows the order of the determinant of a ‘not-too-dense’ 
matrix to be reduced (drastically, under certain conditions). Applying this 
method to Kasteleyn’s formula, a general algorithm for calculating the number of 
perfect matchings in plane graphs can be developed. This algorithm proves 
particularly efficient if applied to finite sections of infinite plane graphs which 
have a perfect matching of a special kind. 
There are applications to chemistry (number of Kekule patterns) and crystal 
physics (number of dimer coverings), see [3-41. 
1. Definitions, notation 
Let G be an undirected graph. A matching M of G is a subset of the edge set 
of G whose elements are pairwise disjoint. M is called perfect if it covers all 
vertices of G. The number of perfect matchings in G is denoted by m(G). 
* This is joint work with Khaled Al-Khnaifes from Damascus who investigated relations between 
graph theory and linear algebra in his doctoral dissertation. 
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Let G be a bipartite graph with bipartition B = B(G), W = W(G). The 
elements of J3 and W are referred to as the black and white vertices of G, 
respectively. 
Consider the set 9 of all infinite, two-connected, bipartite, simple, plane graphs 
Q = (V, E) which satisfy the following conditions: 
(i) V has no accumulation point, 
(ii) Q and its dual are locally finite, 
(iii) Q has a perfect matching. 
Let C be a circuit contained in Q E 9. The plane subgraph G of Q spanned by 
the vertices lying on C and in the interior of C is called a section of Q, the circuit 
C is its boundary. G is balanced if [B(G)1 = JW(G)(. 
If F is a face of Q E 9, let aF denote the set of edges incident with F and put 
IaFl = 2h(F). A perfect matching M of Q is called a distinguished matching if, for 
every face F of G, 
IM f~ aFI = h(F) - 1, mod 2. 
Fig. 1 shows some doubly-periodic tessellations of the plane, each equipped 
with a distinguished matching (the bold lines). 
Fig. 2 indicates how to construct nonperiodic tessellations which have distingu- 
ished matchings (the long diagonals in the hexagons can be inserted in an 
arbitrary way). 
Fig. 1. 
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Fig. 2. Fig. 3. 
Fig. 3 shows a doubly-periodic tessellation which does not have a distinguished 
matching. 
2. A theorem of P. W. Kasteleyn 
Let G be a simple graph and o an orientation of the edges of G which turns G 
into the directed graph Go. Let A” be the ordinary (0,l) adjacency matrix of GW 
and A OT its transpose: then A” + A “JT is the (0,l) adjacency matrix of G and 
S” := A” -A OT is a skew-symmetric matrix which may be called the (0, 1, -1) 
adjacency matrix of GW. 
Now suppose that G is a connected simple plane graph. Orientation o of G is 
called Kasteleyn if, for every region R of G, the number of arcs of GW whose 
left-hand bank belongs to R is odd. 
Theorem (Kasteleyn [5-61 (1961)). Let G be a connected simple plane graph on 
an even number n of vertices. 
(a) G has precisely 2”-’ Kasteleyn orientations. 
(b) For any Kasteleyn orientation K of G, 
m2(G) = Pf ‘SK = det S” 
where Pf S is the Pfaffian of S. 
3. A theorem on distinguished matchings 
A matching M of a graph G = (V, E) is called acyclic if G does not contain a 
circuit C such that the edges of C belong alternatingly to M and E - M. 
Let G = (V, E) be a bipartite graph with bipartition B, W and let M be a 
matching of G. Obtain orientation w(M) of G by directing all edges of M from 
their black to their white end vertex and all edges of E -M from their white to 
their black end vertex. Clearly, the resulting directed graph GMM) is cycle-free if 
and only if M is acyclic. 
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Theorem 1. Let Q E 22 and suppose that Q has a distinguished matching D. 
(I) The orientation w(D) of Q is Kasteleyn. 
(II) D is acyclic. 
Proof. (I) Let F be a face of Q and C its boundary circuit (the edge set of C is 
aF). Let H and K denote the set of all black vertices on C and the set of those 
black vertices on C which are not covered by an edge of D n aF, respectively. 
Clearly, lH1 = h(F) and 
[Kl = IHI - ID rl aFJ = h(F) - (h(F) - 1) = 1, mod 2. 
For any x E H, consider the two arcs of G *o(D) which lie on C and are incident 
with X. If x E K then both these arcs terminate in x-this means that exactly one 
of them has its left-hand bank in F-whereas, if x E H - K, one of them issues 
from x and the other one terminates in x-this means that either none or both of 
them have their left-hand banks in F. Thus the number of arcs on C whose 
left-hand bank belongs to F is lKl plus an even number, i.e., it is odd. This proves 
that the orientation o(D) is Kasteleyn. 
(II) We need the following lemma (which is, probably, well known). 
Lemma. Let G be a (finite or infinite) two-connected plane graph whose vertex set 
has no accumulation points. Let w be an orientation on the edge set of G such that 
G@ has neither sources nor sinks. Zf Go contains a cycle then it also contains a face 
whose boundary is a cycle. 
The proof of the Lemma is left to the reader. 
Now assume that D is not acyclic: then QO@) contains a cycle. D being a 
perfect matching, Q w(D) has neither sources nor sinks. By the Lemma, QO@) 
contains a face whose boundary is a cycle (which is, necessarily, of even length). 
However, this is impossible since, by (I), w(D) is Kasteleyn. This contradiction 
proves (II). 0 
4. The main result 
Consider a graph Q E 9 which has a distinguished matching D and let G be a 
balanced section of Q. We intend to calculate m(G). 
Let D* be the restriction of D to G. Put G* := &“@*). The following 
observations are immediate: 
(a) D* is an acyclic matching. 
(b) The orientation o(D*) of G is Kasteleyn. 
(c) G* has as many sources as sinks (at least one) which all lie on the boundary 
C of G. 
(d) All sources are white and all sinks are black. 
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By Kasteleyn’s theorem, m2(G) = det S*, where S* = SO@‘*) is the (0, 1, -1) 
adjacency matrix of G*. Graph G being bipartite, S* is of the form 
thus det S* = (det U*)’ implying m(G) = ]det U*]. Property (a) of D* enables the 
general algorithm developed in [l-2] (see [2], Section 2 (Theorem 1) and Section 
4) to be applied to det lJ*. The resulting algorithm (see below) is particularly 
simple (e.g., all minus signs cancel) due to the fact that, simultaneously, D* is 
acyclic and w(D*) is Kasteleyn (properties (a) and (b)). Property (c) shows that 
the reduction of the order of the determinant to be calculated may be 
considerable. 
The Algorithm. If u is an arc of G*, denote by a(u) and t(u) the vertex from 
which it springs and in which it terminates, respectively. Let {a,, a2, . . . , u,~} and 
lb,, b2,. . . , b,} be the sets of sources and sinks of G*. Put 
p(4) = (&I, &2, . . . , 4s), k = 1, 2, * . . , s 
where 6, = 1, 6, = 0 if i #j. 
For any vertex x of G* which is not a source, define the vector p(x) = 
(Pi(“), P&r), * . . 3 A(X)) recursively by the formula 
Clearly, p&) is the number of paths issuing from source uk and terminating in x. 
Note that the vectors p(x) can easily be determined following step by step the 
paths issuing from the Sources (See Fig. 4). Put pik =pk(bi), P = (pik)i,k=1,2,_.,,s. 
-(6,9) 
Fig. 4. 
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Fig. 5. 
Theorem 2. m(G) = ldet PI. 
For an example, see Fig. 4. By this theorem, the order of the determinant 
eventually to be calculated is reduced from half the number of vertices of the 
section G to less than half the number of vertices on the boundary C of G. 
5. Concluding remarks 
The investigations and results can be extended also to certain nonbipartite 
infinite plane graphs and their sections, e.g., the triangular and pentagonal 
tessellations of Fig. 5; the resulting algorithms, however, are (as must be 
expected) a little bit more complex (see [2]). 
Open Problem. Under what conditions does Q E 9 have a distinguished 
matching? 
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